We study new sequence spaces associated to sequences in normed spaces and the band matrix F defined by the Fibonacci sequence. We give some characterizations of continuous linear operators and weakly unconditionally Cauchy series by means of completeness of the new sequence spaces. Also, we characterize the barreledness of a normed space via weakly * unconditionally Cauchy series in X * .
Introduction
By w, we denote the space of all real sequences x = (x k ). Any vector subspace of w is called a sequence space. We have ∞ , c and c  for the spaces of all bounded, convergent and null sequences x = (x k ), respectively, normed by x ∞ = sup k |x k |, where k ∈ N, the set of positive integers.
A sequence space λ with a linear topology is called a K-space provided each of the maps p i : λ → R defined by p i (x) = x i is continuous for all i ∈ N. A K-space λ is called an FK-space provided λ is a complete linear metric space. We say that an FK space λ ⊃ c  has AD if c  is dense in λ, where c  = span{e n : n ∈ N}, the set of all finitely non-zero sequences.
Let A = (a nk ) be an infinite matrix of real numbers a nk , where n, k ∈ N. Then we write Ax = ((Ax) n ), the A-transform of x ∈ w, if (Ax) n = k a nk x k converges for each n ∈ N. For a sequence space λ, the matrix domain λ A of an infinite matrix A is defined by
which is a sequence space.
A series k x k in a real Banach space X is called weakly unconditionally Cauchy series (wuCs) if k |f (x k )| < ∞ for every f ∈ X * (the dual space of X), and is called unconditionally convergent (ucs) if k x π (k) is convergent for every permutation π of N. By ucs(X),
It is also well known (see [] and [] ) that X has a copy of c  if and only if wuCs(X) \ ucs(X) = ∅, and if X is a normed space then x = (x k ) ∈ wuCs(X) if and only if the set
is bounded. Another characterization of weakly unconditionally Cauchy series that appears in [] states that a sequence x = (x k ) is in wuCs(X) if and only if there is a bounded operator T : c  → X defined by T(a) = k a k x k with Te n = x n where e n (n ∈ N) the sequences with e n n =  and e n k =  for k = n. In the literature, the Fibonacci numbers are the numbers in the following integer sequence:
, , , , , , , , , , , , . . . .
The sequence (f n ) of Fibonacci numbers is given by the linear recurrence relations
This sequence has many interesting properties and applications in arts, sciences and architecture. For example, the ratio sequence of Fibonacci numbers converges to the golden ratio which is important in sciences and arts.
In [] , the Fibonacci matrix F = ( f nk ) obtained using the Fibonacci numbers were defined as follows:
for all k, n ∈ N, and studied some topological properties of the sequence space p ( F) for  ≤ p < ∞. Later, in [] the sequence spaces ∞ ( F) and c  ( F) were introduced as follows:
Also in [-], many authors have defined and studied some new sequence spaces by using the matrix domain of a triangle infinite matrix. In [] , for a sequence x = (x k ) in a normed space X the spaces S(x) and S w (x) were defined by the set of all sequences a = (a i ) ∈ ∞ such that (a i x i ) ∈ cs(X) and (a i x i ) ∈ wcs(X), respectively and several types of convergence of a series in a normed space have been characterized via these spaces. The completeness and barreledness of a normed space can also be characterized by means of the sequence spaces obtained by series in a normed space in [] and [, ] . The characterizations of wucs are studied on locally convex spaces in [] .
In this paper, we introduce the sets S F(x), S F w (x) and S F * w (g) by means of sequences in normed spaces and the Fibonacci matrix F = ( f nk ). We will characterize wucs by means of completeness of the spaces S F(x) and S F w (x), and we will obtain necessary and sufficient conditions for the operator T : S F(x)( and S F w (x)) → X to be continuous. Finally, we will give a characterization of the barreledness of a normed space through w * ucs in X * .
Main results
Let x = x k and g = (g k ) be sequences in normed spaces X and X * , respectively. We introduce the subspaces of ∞ ( F) which are defined by
endowed with sup norm, where w -k F(a k )x k and w * -k F(a k )g k define the limit in the weak topology and in the weak * topology, respectively.
In the following theorem we obtain a sufficient condition for the space S F(x) to be a Banach space.
Theorem . Let X be a normed space and x
Proof Since x ∈ wuCs(X), the set E given in (.), is bounded. Therefore, there exists
We will show that a  ∈ S F(x). If we suppose that m  = max{m  , m  }, from the above inequalities, then we have
Consequently, a  ∈ S F(x).
Remark . Now, we will see that if the space S F(x) is complete, then c  ( F) ⊆ S F(x). If we suppose that c  ( F) S F(x), then there exists a sequence a
The theorem that follows gives us a characterization of wucs.
Theorem . Let X is a normed space and x = (x k ) be a sequence in X. If X is a Banach space, then x ∈ wuCs(X) if and only if S F(x) is a Banach space.
Proof We prove that if S F(x) is a Banach space, then x ∈ wuCs(X). Let us assume that x / ∈ wuCs(X). Then there exists a g ∈ X * such that k |g(x k )| = ∞. We will construct a 
for k ∈ {m  + , . . . , m  }. Following this way, we obtain an increasing sequence (m k ) in N and the sequence a = (a k ) ∈ c  ( F) such that
Then a / ∈ S F(x) and hence c  ( F) S F(x). From Remark ., S F(x)
is not a Banach space.
Remark . If X is not Banach space, then the above theorem is not satisfied. Actually, If X is not Banach space then there exists a sequence x = (x k ) ∈  (X) \ cs(X) such that for every k ∈ N and x * * ∈ X * * \ X
We define the sequence y = (y k ) by
It obvious that y = (y k ) ∈ wuCs(X). On the other hand, we consider the sequence a = (a k ) ∈ c  ( F) such that
F(y) and hence c  ( F) S F(y). This
shows that the space S F(y) is not complete.
Theorem . Let X be a normed space and x = (x k ) be a sequence in X. We also define the linear operator
Then T is continuous if and only if x = (x k ) ∈ wuCs(X).
Proof If the operator T is continuous, then we prove that x = (x k ) ∈ wuCs(X). Since T is continuous, there exists
Therefore the set E, defined in (.), is bounded and hence x = (x k ) ∈ wuCs(X).
Conversely, let x ∈ wuCs(X). Since the set E is bounded, there exists K >  such that e < K for every e ∈ E. If we take (
Now, we will extend some of the above results to weak topology. First, let us start with the following result. 
Since (a m ) is a Cauchy sequence in S F w (x) there exists a sequence (y m ) ⊂ X such that for
From the Hahn-Banach theorem there exists a functional f in X * such that
Then we have y p -y q < for p > q > m  and n ∈ N, and hence (y m ) is a Cauchy sequence in X. Let us suppose that
If we take m  = max{m  , m  }, then we have
Therefore, a  ∈ S F w (x). Proof By Theorem ., it is enough to show that if S F w (x) is a Banach space, then x ∈ wuCs(X). We suppose that there exists a g ∈ X * such that k |g(x k )| = ∞. Similarly as in the proof of Theorem ., we can construct a sequence a = (a k ) ∈ c  ( F) such that
From the definition of S F w (x), we have a = (a k ) / ∈ S F w (x). Then S F w (x) is not complete.
Theorem . Let X be a normed space and x = (x k ) be a sequence in X. We also define the linear operator
Proof The proof is similar to that of Theorem ..
For a normed space X and a sequence g = (g i ) in X * , the set S F w * (g) was defined by
The next theorem shows that if the normed space X is barreled, then weakly unconditionally Cauchy series and weakly * unconditionally Cauchy series in X * are equivalent.
